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1 Introduction 

Despite extension groups between modules over an algebra are very easy to 
define and taught nowadays in every standard course in homological algebra, 
it is still to be very difficult to compute them explicitly for a given pair of 
modules. One of such problems is a computation of extension groups between 
Weyl modules over the Schur algebra S{n, r). It was shown in the joint work [3] 
of the author with Ana Paula Santana that this problem is closely related to 
the construction of a minimal projective resolution of the trivial module K over 
Kostant form ilK(s^^) of the universal enveloping algebra of the Lie algebra s?+. 

In this paper we compute the first three steps of a minimal projective res- 
olution of K in the case p = 2 and ti = 3. For this we use Anick's resolution 
constructed in [1]. Our result depends on the knowledge of a Grobner basis for 
^K{sln)- In the last section we give several conjectures about the Grobner basis 
for ilK(s^+). It should be noted that with this conjectures proved it would be 
easy to extend the result of Theorem [3] to the cases p > 3, n = 3 and p — 2, 
n > 4. 

In the Section[2]we recall the definition of Grobner basis and in the Section[3] 
the construction of the Anick's resolution. Then we proceed with the definition 
of il-K{sln) in Section m The Sections [3 El [7] contain new results. Note that all 
the results of Section [5] are proved for an arbitrary p and n, and they will be 
used in the subsequent papers. 



2 Grobner basis 

Let X be a set. We denote by X* the set of all words with letters in X. Then X* 
is a free monoid generated by X with the multiplication given by concatenation 
of words and the unity e given by the empty word. There is a partial order -< 
on X* given by the incusion of words. Note that -< is the coarsest partial order 
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on X* such that X* is an ordered monoid with e the least element of X* . A 
monoidal order on X* is a total order that refines ^. 

Let K be a field. We denote by K (X*) a vector space spanned by X*. A 
vector space K {X*) is a free associative algebra generated by X. We will call the 
elements of X* monomials, and the elements of K {X*) polynomials. Define the 
support of p gK (X*) to be the set of element in X* with non-zero coefficients 
in p. If < is a monoidal order on X* then we define the leading monomial lm(p) 
of p e K. (X*) to be the maximal element of support of p with respect <. Define 
the leading term lm(p) of p to be the leading monomial of p with coefficient it 
enters in p. A monoidal order < on X* can be extended to a partial order < 
on K (X*) by the rule 

p < q <^=^lm(p) < lm(g) 

\t{p) = \t{q) and p - h(p) <q- lt(g). 

Note that in the case lm(p) = lm(g) but lt(p) ^ lt(g) the polynomials p and q 
are incompatible. 

The pair (m, /), where m is a monomial and / an element of K (X*), is called 
a rewriting rule if m > /. Note that every element p € K (X*) gives a rewriting 
rule r{p) = (lm(p),/) where / = {p — \i{p))/\ and A is the leading coefficient 
of p. We will say that ft, is a result of application of (m, /) to g if there is 
to' e supp(£f) such that to' = umv for some u, v € X*, and h = g — Am' + Xufv, 
where A is the coefficient of to in g. We will write in this situation g -^r h. If 
r = r{p) for some p S K {X*) then we write g h instead of g -^r{p) h. Let 
5 be a collection of rewriting rules or polynomials. Then g — ^-g h denotes that 
there is r € 5 such that g — >r h. Formally, — !>5 is a set relation on K(X*). 
We denote by the reflexive and transitive closure of — ^s- An element g 
of K(X*) is called non-reducible with respect to the set of rewriting rules or 
polynomials S \i g \s a. minimal element of K (X*) with respect to — 

Definition 1. Let A be an algebra over a field IK and X = { a; | i G /} a set 
of generators of A. Denote by n the canonical projection from K{X*) to A. 
We say that a subset S of ker (tt) is a Grobner basis of ker(7r) if tt restricted 
on the vector space of non-reducible elements with respect { r{p) \ p € S} is an 
isom.orphism, of K-vector spaces. A Grobner basis S is called reduced if elements 
p £ S are non-reducible with respect to S\ {p}. 

Suppose that < is an artinian monoidal order on X*, that is every descending 
chain in X* stabilizes. Let / € K{X*). If / is reducible with respect to a 
Grobner basis then there is /i such that f fi- By definition of Gr5bner 
basis /i < / with respect to the induced ordering on IK (X*). If /i is reducible 
we can find /2 such that /i — >5 /i, /i > /2 and so on. Thus we get a descending 

sequence / > /i > /2 > As we assumed that the ordering < is artinian this 

sequence have to break. Thus there is /' that is non-reducible with respect to 
S and / — >s /'. We call /' the normal form of / with respect to S and denote 
it by NF{f,S). Note that the use of the article "the" is justified by the fact 
that /' is unique. In fact suppose there are /' and /" such that / -^s f and 
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/ -^s /"• Then /' - /" = (/' - /) + (/ - /") e kcr(7r) is an clement of the 
kernel of the natural projection tt: K(X*) — > A. Moreover, all monomials in 
/' — /" are non-reducible with respect to S. Since the images of non-reducible 
monomials with respect to S give a basis of A under the map tt it immediately 
follows that /' - /" = 0. 

The notion of Grobner basis is closely connected with the notion of critical 
pairs. We say that two monomials toi, m2 € X* overlaps if there are ?i, v, 
w € X* such that mi = uv and m2 = vw. Note that two given monomials 
can have different overlappings. To make things more convenient we define an 
overlapping as a triple (m, mi, 7712), such that there are u, v £ X* such that 
m = rriiv and m = um2. 

Definition 2. A critical pair is a triple {w,ri,r2), where w is a word and 
ri = r2 = (to2,/2) are rewriting rules such that there are u, v G X* 

with the property 

w = umi = m2V or w = um\v = m2- 
A word w is called the tip of the critical pair {w, ri, r2). 

Let {w,ri,r2) be a critical pair with ri, r2 S 5 and u, v G X* such that 
w = um\ = m2V (or w = umiv = 7722). It is called reducible if ufi — /2W -^g 

(respectively ufiv — f2 -^*g 0). The set of rewriting rules S is called complete if 
all critical pairs (w, ri, r2) with ri, r2 G 5 are reducible. 

Theorem 1. Suppose < is artinian monoidal ordering on X* . A subset S of 
K {X*) is a Grobner basis of a two-sided ideal 7 c K {X*) if and only if the set 
of rewriting rules { r{p) \ p G S} is complete. 

We shall need the following proposition 

Proposition 1. Suppose R is a complete rewriting system in variables X and 

Y is a subset of X. We denote by R{Y) the subset of R that consist from all 
the rules {m,p) such that m &Y* . If for all {m,p) S R{Y) we have p €K (Y*) 
then R{Y) is a complete rewriting system. 

Proof. Suppose / G K(y*) and / — >-_r g then / ->(m,p) 9 for some {m,p) € R. 
Since m <m' for some m' G supp(/) and m' G Y* we get that {m,p) G R{Y). 
By assumption of the proposition we get p gK (Y*). Therefore 5 G K (Y*) and 
/ ~^R{Y) 9- Now by repetition we get that / G K (Y*) and / — >^ g implies that 
/ ^R{Y) 9- 

Suppose that {w,ri,r2) is an overlap of two rules from R{Y) and u, v gY* 
are such that w = m\v = um2 {w = um\v = 7712). Then p\v — up2 G IK (Y*) 
{upiv—p2 G K (Y*)) and piv — up2 {upiv—p2 -^r 0), since R is complete. 
But then piv — up2 ~^/i(Y) {upiv — P2 -^r{y) 0), which shows that R{Y) is 
complete. □ 
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3 Anick resolution 



The anick resolution was introduced in [T] . Let A be an algebra over a field IK and 
e : j4 — >■ K a homomorphism of algebras. Let X = ai,. . . be a set of generators of 
A and 5 C IK {X*) a reduced Grobner basis with respect to a monomial ordering 
< on X*. For this set of data Anick constructed a free resolution of IK over A, 
which is nowadays called anick resolution. We will describe only the first four 
steps of Anick's construction under additional assumption that e{x) = for all 
xeX. 

First we define sets Tk, k — —1,0,1,2, that will serve as bases of A- free 
modules Pk- Denote by r_i the set {e} with one element e and by Tq the set 
X. The set Ti is the set of all leading monomials in S. Denote by T2 the set of 
all possible overlaps of elements of Ti . Every element of T2 is a triple (w , ri , r2 ) . 
We say that an overlap (w,ri,r2) is minimal if there is no overlap {w' ,r[,r'2) 
such that w' -< w. Note that if an overlap {w,ri,r2) is minimal then the 
rules ri and r2 are uniquely determined by w. In fact, suppose that (u',ri,r2) 
(u;, r']^, G T2. Then w = miv = m'lv' . But this means that mi ^ m'l or 
m'l ^ mi. Since 5 is a reduced Grobner basis it follows that ri = r'^. Similarly 
r2 = ^2- Denote by T2 the set of monomials m X* such that there is a minimal 
overlap (i/;,7'i,r2). Denote for fc = —1, 0, 1, 2 by Pfe the A- linear span of Tk- 
Let M be the set of all non-reducible monomials with respect to S. Then for 
k = -1,0,1,2 the set 

Nu = {m.t\m ^ M, te Tk} 

is the basis of Pk over K. 

The sets Nk have a full ordering induced by the ordering < on X* via the 
map m.t mt. We define maps Sn : P„ — P„ and j„ : P„_i — >■ P„ as follows. 

So{m.x) :— NF{mx, S).e 
jo{ux.e) := u.x 

6i{m.t) := NF{mt', S).x, where t = t'x 

Now let m g M and x Cz X. Suppose there are u, v € M such that m = uv and 
vx G Ti. Then we define ji{m.x) = u.vx. Otherwise we let ji{m.x) — 0. Note 
that ji is well-defined as m = uv ~ u'v' would imply that v ^ v' or v' ^ v and 
therefore vx ^ v'x or v'x ^ v'x. But since S is reduced Grobner basis any two 
different elements of Ti are incompatible with respect to ^ (in other words Ti 
is an anti-chain in the Anick's terminology) . 

Let w T2 he such that w = miv — um2 with mi, m2 G Pi. Define 
52(m.w) = NF{mu, S).m2- 

Suppose t G Ti and m ^ M. li m — uv for some u, w e M such that vt e P2 
then we define j2{m-t) — u.vt. Note that if such u and v exist then they are 
unique as S* is a reduced Grobner basis. If there is no u and v with the above 
property then we let j2i'm.t) = 0. 

Now we define homomorphisms of left A-modules dn : Pn Pn-i and homo- 
morphisms of K- vector spaces in '■ ker((i„_i) Pn for n = 0, 1, 2 by induction. 
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Since dn is a homomorphism of free A-modules it is enough to define d„ on the 
basis elements .t, where t G Tn. On the other hand in is a homomorphism of K 
vector spaces, moreover we do not have any convenient basis for ker((i„_i). We 
will define z„ by induction on the leading term of / G ker(c?„_i). 

do(.i) Soi.t) 
io(m.e) := jo{m.e) 

dn+l{-t) Sn+li-t) - indniSn+l{-t)) 

h.{f) Jn(lt(/)) + tnif ~ rf„(j„ (It (/)))). 

Note that it is not obvious that dn and z„ are well-defined. This a part of the 
claim of Proposition [21 The following proposition is proved in [I] . Note that 
Anick [T] constructed modules P„ and maps dn for all n G N. 

Proposition 2. T/ie sequence of left A-modules 

P2^Pi^ P-l ^ K ^ 

is an exact complex. 



4 Konstant form of universal enveloping algebra 



Denote by sin the Lie algebra of upper triangular nilpotent matrices. Let il„(C) 
be its universal enveloping algebra over C. We shall consider s/+ with the 
standard basis {cij | 1 < i < J < «}. Then itn,(C) is generated as an algebra by 
the elements ei,2, 62,3, ■ • • , e„-i,„. 

Let ^ be an arbitrary full ordering on the set {cij \i < j}. We always assume 

■I— r h ■ ■ 

that in the product Y[ ^ij' the generators increase from the left to right, with 

respect to the ordering <C. It follows from the Poincare-Birkhoff-Witt Theorem, 
that the set 



n — " 


n 4^ 






l<i<j<n 





oC^) fine ^gfe of the algebra il„(C). 

We define il„(Z) to be the Z-sublattice of il„(C) generated by the set 



is a C-basis of it„(C). Denote by e-^ the element ^ 



kij G N 



Proposition 3. The setil„(Z) is a subring o/il„(C). In other words, il„(Z) 
is a Z-algebra. It is called the Kostant form of the universal enveloping algebra 
it„(C) over Z. 

Proof. For a proof see [2l Lemma 2 after Proposition 3] and [H Remark 3] 
thereafter. □ 
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Definition 3. For any field K, the algebra it„(IK) := IK ®z il„(Z) is called 
Kostant form of the algebra it„(C) over K. 

Define a grading on sl^ (C) by deg(eij) = j — i. 

Tliis grading extends to the grading of ilc(s/^) such that 



Since the intersection of iic(s^+)(j with itz(s/+) is a lattice in ilc(s/+)d, this 
grading downgrades to iii{sl^). After tensoring with K we get a grading on 
ilK(s/^) such that 



wt^)d = \ n 



S^ij ) 



1<J 



5 Big Grobner basis 

In this section we describe a Grobner basis of the algebra il„ (IK) with respect to 

the generating set X = | el*"' i < j, k £ n| . We will consider deglex ordering 

on X* with respect to the degree function defined in the previous section and 
the ordering ^ on X. 



Theorem 2. Let X and the ordering on X be as above. Then the following set 
of rewriting rules is complete: 



(k) (r) ^ 
p.p. — V 
^^3 ^ij ^ 



r\ (k+r 

e,; 



k r^o 

ir)(k) 



(1) 



elf eit' e^Ve^}^ ifi, j, s, t are different and {s,t) < (i,j) (2) 



^jt ^ 



'.in{k,r) 



(k) (r) ^ 
'^ij ^si ^ 



s=0 
min(k,r) 



E (-lKr*'eiX"*\z/(z,j) 



(3) 
(4) 



Note that the corresponding Grobner basis is not reduced in general, since 
it can happen that {i,t) doesn't lie between {j,t) and (i, j) in (O or that (s,j) 
doesn't lie between {s,i) and in 

Proof. It is clear that the set 



B = 



i<j 



i < j, hj e N 
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is the set of non-reducible words with respect to the given rewriting system. By 
definition the natural image of B in ilK(sZ+) is a basis of J7k(s/+). Therefore 
it is enough to check that for every rule the left hand side and the right hand 
side are equal in ilK(s/+). This is obvious for (P) and ©. Thus we have only 
to check the claim for and (|H). We shall do this only for (jS]) as the case ^ 
is similar. 

We have to prove the equality 

min{k,r) 

Ak) (r) (r-s) (s) (k-s) 

s=0 

in ii^lsl^). Clearly it is enough to prove the same equality in ilz(sZ+) and 
therefore in iic{sl^). We will do this by induction on the minimum of k and r. 
The case min{k, r) = I splits into two cases r = 1 and k = 1. The case fc = 1 
we prove by induction on fc. For k = r = 1 we have 

eij^jt — ^jt^ij ~\~ Git, 

Suppose we have proved equality for fc = 1 and r < vq. Let us check it for 
r = ro + 1. 

Gij&'jt ~ ^'^^jt induction assumption 

1 ( Jr-'^) , ('■-2) \ 



r 



;( 



(r-l) (r~2) 



= e«e., + ^(l + r-l))4r)e., 

_ (r) (r-1) 

Now we prove the equality in the case r = 1 and fc > 2. Suppose it is proved 
for all fc < fco. Let us show it for fc = fco + 1. Wc have 

(fc) _ 1_ (fc-i) 



^(fc-1) (fc-2) 



(fc-1) (fc-1) (fc-2) 

ij + ^itG-ij ~\- GiteijCj^j 



(fc) , (fc-1) 

Suppose we have prove equality for all fc and r such that min{k, r) < ttiq. Let us 
prove it for min{k, r) — mg + 1. There are two cases fc rno + 1 and r — mo + 1. 
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As the computations are very similar we will treat only the first case. 

Jk) (r) _ ip. „(fc-l) M 
*J jt ~ k i'J i* 



^ k-1 

J_ / (i--s)^(s)^ Jk-l-s) ^ „{r-s-l)^ Js+1) ^{k-l-s) 



s=0 



Jr-s) (s) (k) 



s=Q 



E4 

s=0 



□ 



Corollary 1. Letp be a characteristic of the field K. and I > 0. Then the linear 
span ilJj(sZ+) of the set 



i<3 



kij <P - I 



is a subalgehra ofU^{sl^) 

Proof. We claim that iljj(s^+) is the subalgehra A of Uk(sI+) generated by the 
set 

It is enough to show that the set B' is a basis of A. Let R be rewriting system 
defined in Theorem[21 We claim that R{X') is complete. To prove this we apply 
Proposition [1] It is obvious for the rules ([2]), ([3]) and ([4]) that if the left hand 
side is an element of {X')* then all the monomials on the right hand side are 
also elements of {X')* . Moreover, if fc + r < — 1 then the same is true for the 
rewriting rule ([I]). Suppose fc, r < — 1 and k + r > Then k + rchoosek — 
in K. It is well known that the degree of p in the prime decomposition of n\ is 
given by the formula 

OO r 

n 



E 



Therefore the degree of p in the prime decomposition of C'^^) is 

k + r 



E 

3=0 





k + r 




' k' 




r 




( 


P' 








P". 


) 



> 



pi 
k + r 



i-i 

+E 

i=o 





k + r 




' k' 




r 




( 


P' 








P^. 


) 



L P' 



1 > 0. 
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Therefore for the rule ([T|) and k + r > p we get 



This shows that R{X') is complete. Now it is obvious that B' is the set of non- 
reducible monomials in the alphabet X' with respect to the rewriting system 
R{X'). This shows that B' is a basis of the algebra A' . □ 



6 Small Grobner basis 



The Grobner basis obtained in the previous section is not convenient for the 
construction of minimal projective resolution of K, since the anick resolution is 
much closer to the minimal resolution if the chosen generating set is minimal. 

In this section we will stick to the case p — 2 and n = 3. The more general 
case will be considered in other paper. Nevertheless we start with the technical 
result that is true for an arbitrary p and n. 



Lemma 1. Let p be the characteristic of I 
with < ks < p — I. Then for any i < j 



and k — kip + ki^ip + • • • + fco 



s=0 



is a non-zero multiple of e[j^ . 

Proof. We have to check that the integer 



kl 



IS non-zero m 



The degree of p in the prime decomposition of n is given by 



E 

t=0 



pi 



E^^ 



This shows that n is non-zero in 
Now we note that 



□ 



J/) _ Jp') Jp') 



s=0 



In fact it was proved in Theorem [2l From this equality by induction on j — i 
and I it follows that the set 



Ki <n 



1, / eNo} 



9 



generates Hk (sZ^). Note that the set 

{el^i+i l<i<n-l, 0<k<l} 

generates the subalgebra 11k(s^^) of Hk(s/+). 

From now on we assume that n = 3 and p — 2. For a convenience we will 
denote e^2 by and by bk- We start with the proof of some equalities in 

Proposition 4. For any k we have a\^b'j, = 0. 

Proof. In the proof of Corollary[T]it was proved that if r, s < p* — 1 and r+s > 

(V) (s) 

then for any i < j we have elj elj = 0. We apply this claim to the situation 
= (1,2), (2,3) and r = s = 2*^, ^ = fc + 1. □ 

Proposition 5. For any I and k elements ai and Ok commutes. Similarly hi 
and bk . 

Proof. Obvious. □ 
Proposition 6. For any I > k we have 

aibk + bkOi + akbuOkOk+i ■ ■ ■ a/_i = (5) 
kak + CLkk + bkOkbkbk+i ■ ■ • k-i = (6) 

in ilK(s;+). 
Proof. We have 

, _ (2') (2'=) 

^I'^k — ^12 ^23 

2*= ^ ^ 

= ^ 633 '^''623^6^2 relation ^ 



s=0 



2" 



and 



s=l 



, (2*=) (2*=) (2*=) (2'-i) 

afeOfeOfc . . . a;_i — 6^2 ^23 ^12 ■•■612 



(2*=) (2*=) (2'-2'=) pn 

= e\2 623 e\2 Lemma [IJ 

(2''-s) is) (2''-s) (2'-2'') 
— 2^ ^23 ^^13 ^12 ^^12 

Since 2'=, 2' - 2^= < 2' - 1 and 2' = 2^= + (2' - 2^) > 2' by proof in Corollary[I] 
we have e^f'e^a "^'^ = 0. Now if 1 < s < 2*^ then 2*^ - s = 2*i H h 2"" 
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for some < cr < fc and < ii < i2 < ■ ■ ■ < ia ^ k — 1. Moreover 2' — 2*^ = 
2fc _|_ 2*:+i _| 1_ 2'^i. Therefore applying Lemma [T] twice we get for 1 < s < 2*^ 

(2'=-s) (2'-2'') _ (2'-s) 

Therefore 

, {2''-s) {s) (2'-s) 

afcOfeftfc . . . a/_i = 2^ ei3'ei2 • 

3 = 1 

The second equaUty follows from the obvious duality ak bk- □ 
Proposition 7. For all G N we have bkaubkak + akhuakhk = in il]^(sl^). 
Proof. We have 



, , _ (2*=) (2*=) (2*=) (2*=) 
^k'^k^k^k — ^12 ^23 ^''^ ^ 



:'')p(2'=)^(2'=)^(2'= 
12 ^-23 ^-12 ^23 

2 

= y ^ e-| 9 6-196 

s=Q 



T.^'^^-'^^' relation®. 



Now if < s < 2 — 1 applying Lemma [T] twice we get e\2 e\2 = £-12 ■ Similarly 
for 613. If s = 2*^ we get e{2 ^ ^^12 — o| = by PropositionlH Therefore 



2''-! 

(2'= + s) (2''-s) (2'' + s) 



akbkUkbk = 6^3 'e 

From the duality ei2 623 it follows that 

bkO-kbkak = ^ e^3 ''"'^e 



^ ^ (2'=+t)^(2'=-t)^(2'=+t) 
13 ^12 



t=0 



Now we can use rewriting rules © , Q , and ([IJ : 

2'''-l 2'''-12'''+i 

(2'=+t) (2*=-*) (2"+*) _ (2''-+t-r) (r) (2"-*) (2'=+t-r) 

/ , 623 e]^3 e]^2 — 2-^ ^12 ^13 ^13 ^23 



t=0 t=0 r=0 

,2'= -t 



'2" - s 



E E 

s=-2'= t=moa;(0,s) 



^2" + ^) (2''--s) (2'= + s) 
-^12 6]^3 C23 



Suppose —2^ < s < —1. Denote —s by s. Then 



E (2^_J = E(2^_J-E( , j = i+E 

t=max(0,s} ^ / (=0 \ / j = l \ -J / j^q 
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Now the sum J2j=Q C /*) ^ coefficient of x'^'' in the product 

E E I = (1 + + a;)"' = (1 + ar)2'°+^-i 

j=0 J \j=0 J 

= (1 + xf (1 + = (1 + + 

Since 0<s — 1 <2*' — 1, this coefficient is 1. Therefore 

for -2*^ < s < -1. Suppose < s < 2*= - 1. Then we get 
^ I 2fe - J ~ ^ V 2^ - J ~ ^ 

t=maa;(0,s) ^ t=s ^ ' j=l 

= l + {l + lf-' = l. 

Therefore 

2*-! 



J. J, (2 +s) (a^-s) (2*'+s) 

s=0 



as required. □ 
Let Xi = { flfe, 6fe 1 < k < I}. We order the elements of Xi by 

Oo < 6o < fli < ''I < • • • < a; < 

and define degree deg: X; — >• N by deg(afc) = deg(6;c) = 2*^. Denote by tt the 
natural projection K {X* ) — >• itjj (sZ+)). 

Proposition 8. T/ie following set Si of elements in K {X*) 

aibk + bkai + akbkakak+i ■ . ■ ai-i ifl>k (7) 

ka-k + dkh + bkakbkbk+i ■ • • ifl>k (8) 

ajflfe + afca; if I > k (9) 

bibk + bkbiifl>k (10) 

bkakbkdk + akbkakbk (11) 

4 (12) 

(13) 

is a reduced Grobner basis of kei{n). 
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Proof. If follows from Propositions SI [SI O El that Si is a subset of ker(7r). Thus 
it is enough to show that the images of non-reducible monomials in give a 
basis of il5j(sZ+). Since the images of non-reducible monomials in Xi generate 
iljj(s/;^) as a vector space and il5j(sZj^) is finite dimensional, it is enough to 
show that the number of non-reducible monomials in Xi with respect to Si is 
less or equal to the dimension of U^J^sl^). From Corollary [T] it follows that the 
dimension of il5j(s/+) is (2')^ = 2^' = 8'. 

To find non-reducible monomials with respect to 5*; it is enough to find 
monomials that does not contain submonomials a;6fc, hiau^ aiUk, bibk for I > 
fc, and submonomials bkCikbkak, Ok-i ^k- ^ monomial m does not contain 
submonomials aibk, biak, aiUk, bibk for I > k, then the indices of variables in 
m weakly increase from the left to right. We denote by a submonomial of 
TO that consists from the all variables with index k. Then m = tooTOi . . . toj-i. 
Now if TOfc does not contain submonomals bf., bkUkbkUk then it is equal to 
one of the monomials 

e, Gk, bk, akbk, bkak, akbkUk, bkakbk, akbkUkbk- 

Therefore there is no more then 8' non-reducible monomials in X^ with respect 
to 5;. □ 

Corollary 2. Let X — lJ;<Q^i- The set S = lJ;>o reduced Grobner 

basis o/ker(7r), where tt is the natural projection K {X*) — > it]K(s?;J^). 

Proof. It is clear that S C ker(7r). Denote by R the rewriting system { r{p) \ p G S} 
It is enough to show that any critical pair (w, ri, r2), with ri, r2 G i? is reducible. 
For a given critical pair {w,ri,r2) there is an ^ > 0, such that all monomials 
in w, ri, r2 lie in Xi. By Proposition [8] the set Si is a Grobner basis, there- 
fore any critical pair {w,ri,r2) with w G X*, ri, r2 G i?; = {r{p) \ p G Si} is 
reducible. □ 



7 First steps of minimal resolution for n = 3 and 

p = 2 

We will consider the algebra ilK(s^;^) as a graded algebra with the grading 
induced by degree function deg(afc) = deg(6fe) = 2*^. Since the zero component 
of il]K(s?;^) is a field K and ilK(s^;^) is a positively graded all graded projective 
modules are shifts of the regular module ilK(s^;^). Suppose P = ii]K{sl^)v with 
deg(w) = TO. We define Rad{R) = ^d.>iiJ^K{sl^)v. This definition of radical 
can be extended to the arbitrary projective module by additivity. It is well 
known that a resolution of an ilK(s?j^) module M 

> P„,^ ...P2^ Pi^ Po^ M ^0 

is minimal up to step m if and only if lm.{dk) C Rad(Pk) for all < fc < to. 
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Now wc will examine first four steps of the aniek resohition of the trivial 
module K over il]K(s/^). Then we modify it and get first three steps of a minimal 
projective resolution. 

In our situation Tq = {ak,bk\k e No}, and 

Ti = { aiak, bibk, aibk, hak, bkakbkakbk, bkbk, Ukak 1 < A; < /} . 

We start with the computation of rfi : Pi — >■ Pq in the anick resolution. Note 
that since we are working in characteristic two we can disregard sings. Suppose 
I > k, then 

di{.aiak) = aiMk + iodo{ai.ak) = ai.ak + io{akai) 
= ai.ttk + ak-ai. 

Analogously di{.bibk) = h.bk + bk-h- Now 

di{.a\) = ak-ak + iodo{ak.ak) 
= ak-ak + io(0) = ak-ak 

and analogously = bk-bk- 

dii-aibk) = ai-bk + iodo{ai.bk) 

= ai-bk + io{akbkak - ■ - ai-i.e + bkai-e) 
= ai-bk + akbkttk - ■ - ai-2-ai-i + bk-ai. 

Analogously 

dii-biGk) = bi-Gk + bkttkbk ■ ■ ■ bi-2-bi-i + ak-h. 

Now 

dii-bkUkbkak) = bkakbk-ttk + iodoibkakbk-ak) 
= bkakbk-ak + iQ{akbkakbk-e) 
= bkttkbk-ak + akbkak-bk- 

It is readily seen that the image of di is a subset of Rad{Po)- Now we examine 
properties of d2'- P2 ^ Pi in the anick resolution. In our case 

T2 = { amttiak, brnbibk \ m>l>k} 
U { amttibk, bmbittk \ m>l>k} 
U { ttmbiak, bmaibk \ m> l> k} 
U { ttmbibk, bmaiak \ m> l>k} 
U { aibkakbkdk- hajhiaibk | / > fc} 
U { bibkakhkUk, bmbmak \ l>k] 
U { bkttkbkttkbkak I k € No} . 
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Wc will not compute value of d2 for all elements of T2. Instead wc will show 
that for some elements of T2 the image of ^2 lies in Rad{P\) and for the rest of 
elements we compute ^2- Every element v of Pi can be uniquely written as a 
sum 

meM, teTi 

where Xm,t are elements of K. Now v G Rad{P{) if and only if Ae,t = for all 
t G Ti. Therefore if v is homogeneous and deg(u) is not an element of the set 
{ deg{t) \ t £Ti} then v is an element of Rad{P\). Now 

D = { dcg(t) 1 1 e Ti} = { 2' + 2'= I Z > fc > 0} . 

Note that d2 preserves degree as our Grobner basis is homogeneous. Therefore 
if t e T2 and deg(t) £», then d2{.t) e Rad{Pi). Now if m > Z > fc then the 
degree of elements similar to amCiiak is 2™ + 2' + 2*^ and it is not an element of 
D. Thus we have to consider only the cases when at least two numbers m, I, k 
are equal. 

Note that d2{.hkakbkakbkak), d2{.a\), rf2(.6|), d2{blakbkak), d2{bkakbkal) 
are linear combinations of monomials that involve only variables with index k, 
since the linear span of such monomials is a subalgebra of itK(s/3~). The set 

{deg{t)\t€Ti, te{ak,bk}*} 

contains two numbers: 2^+^ and 2*^+^. Now deg((6fcafc)^) = 3 x 2'=+^, deg(a|) = 
deg(6^) = 3x2*^, dcg(6^afe6/j,afe) = deg(6j,afe6j,a^) = 5x2*^ are different from both 
of them. Therefore d2{.{bkak)^), d2{.al), d2{.bl), d2{.blakbkak) , d2{.bkakbkal) 
lie in the radical of Pi. 

Suppose m > k. Then the elements a^ak, a-m^k, b^^ak, b'^bk, bmdmbmO'mO'k, 
and bmCimbmO-mbk are elements of the subalgebra generated by Xm- They all 
are of degree 2"*+^ + 2*^, but the set 

{ deg(t) 1 1 G Ti, t e X*^} = { 2' + 2*^ I m > I > /c > 0} . 

does not contain 2™+^ + 2^^, therefore the value of d2 for all of the above men- 
tioned elements lies in the radical of Pi. 

It is left to compute d2 for a„ja|, amb\, bmOf., ambkakbkak, and bmbkO-kbkO'k- 
Since and commute wc get 

d2{-aial) = ai-al + ak-mak 

and the similar formulae are valid for d2{-bmb\)- 
Suppose m > fc + 1. Then we have 

d2{-ambk) = am-bl + H{ambk-bk) 

= am-bl + ii{bkam-bk + akbhUk ■ ■ ■ am-i-bk) 

= dm-bl + bk-ttmbk + hiakhkHk ■ ■ ■ dm-l-bk + bkttkbkdk ■ ■ ■ am-2-am-i) 

= Um-bk + bk-ambk + akbhttk ■ ■ ibk 
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and the similar formula for rf2(.6m<ife)- Now suppose m = k + 1. Then we get 

d2{.ak+ibl) = ak+i-bl + ii{ak+ibk.bk) 

= ak+i-bl + h{bkak+\.bk + akbkak-bk) 

= ak+i-bk + bk-ak+ibk + i\{akbkak-bk + bkUkbk-ak) 

= ak+i-bk + bk-cik+ibk + -bkttkbkak 

and 

dii-bk+idk) = bk+i-dk + o-k-bk+idk + -bkakbkak- 

Now 

d2{-ambkO'kbkO-k) = am-bkdkbkCik + ii{ambkO-kbk-ak + amakbkak-bk) 

= O'm-bk'lkbkO'k + il{bkakbkam-ak + <lkbk<lkO-m-bk) 

= O-m-bkO.kbkO-k + bkakbk-amCk + il{(lkbkO'kO-m-bk + bkO'kbkO'k-O'm) 

= am-bkO-kbkO-k + bkakbk-amak + hio-kbkO'kO-m-bk + O'kbkO'kbk-O-m) 

= am-bkO-kbkO-k + bkakbk-amO-k + akbkak-O'mbk- 



d-ii-bmbkO'kbkO'k) = bm-bkakbkdk + h{bmbkakbk-ak + o-mCikbkak-bk) 
= bm-bkO-kbkak + iiibkO-kbkbm-ak + akbkakam-bk) 

= bm-bkdkbkdk + bkdkbk-bmdk + ilibkdkbkdk-bm + dkbkdkdm-bk) 
= bm-bkO-kbkO'k + bkakhk-bmO-k + i\{0'kbkO-kbk-bm + O.kbkdk'^m-bk) 

= bm-bkakbkO^k + bkikbk-bmO-k + akbkak-ttmbk ■ 

Therefore d2{.ambkakbkak) and d2{.bmbkakbkak) he in the radical of Pi. 

Let Ti = Ti\{bkakbkak | A: G No} and Tf, = T2\{ bk+ml | fc € No}. Define Pi 
and P2 to be the submodules of Pi and P2 with A-bases T{ and respectively. 
We define d[ to be the restriction of di on Pi. The differential • -P2 ~^ 
defined as follows. Let f G Then 

00 

d2{-t) = / + fk-bkdkbkak 
fc=o 

where / G P2 and only finitely many fk are different from 0. Define 

= f + ^fk (bk+i-al + ak-bk+idk) • 
fe=o 

By the usual consideration we can see that the complex 
P^^ PLi^K^O 
is exact. Moreover it is minimal up to the term P{. We get 
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Theorem 3. Let us denote ilK{sl^) by A and the free module over A, which is 
generated by an element of degree s, by A[s]. The trivial module K over A has 
a minimal projective resolution of the form 



A[2^ 



^A[2'^] 



A 



, 0<fc 



, 0<fc</ 



fc=0 



8 Conjectures 

In this section we formulate several conjectures that were guessed from the 
excessive computer computations. We will consider the set of generators X = 
I ^i^i+i ^ < i < ri — I, /jGNojof Hk{sI^), where p is the characteristic of the 



field K. To make formulae more readable we shall write a,i. instead of e 



1 



ik nisieau oi Ci^i+i- 
We will assume the ordering < on X defined by 

an < a2i < • • • < an-i,i < ai2 < ■ ■ • < a„_i_2 < • • ■ 

and on itK(s^+) we consider deglex ordering, where deg(aife) — p^ . 

Conjecture 1. The map X ilK(s'^), Oi/c ai,k+j can be extended to a 
homomorphism of graded algebras U]j£{sl^) — >ilK(s/+). 

Note that in the case of n = 3 and p = 2 the claim of the conjecture easily 
follows from Proposition [21 

Conjecture 2. Suppose n = 3 and p > 2. Denote aik by Ok and a2k by bk- 

Then the set 

{al, bl, blok ~ 2bkakbk + Okbl, bk2al ~ 2akbkak + albk, (bkOkT ~ {akbkT \k ^o} 
U I aibk - bkOi - akbkol'^ . . . afj/, biOk ~ akh ~ bkOkb^r^ . . . bfZi / > fcj . 

is the Grobner basis of il]ti{sl^). 

Now we formulate a conjecture about Grobner basis for the case p = 2 and 
n > 4. For every sequence of integers i = (ii, . . . ,ii) we denote by ai^k the 
product 

Oil ^k ■ • ■ ^ii ,f^' 

We write i..j for a sequence (i, . . . ,j) Hi < j and for a sequence i, i — 1, ■ ■ ■ ,j 
if i > j. We denote by Li the set of all permutations (ii, . . . ,ii) of (!,...,?) 
such that for every 1 < cr < Z — 1 either v+i < V or i^+i = v + 1- Define for 
every m such that m + I < n 

Li[m] ={{ii+m,...,ii+m)\ (ii, . ..,«;)£ i;} . 
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Conjecture 3. The set 



{al\l<t<n-l, keNo}u\ ^ 



k eNoJ + m < nj 
,] 1 1 < i < n - m - 1, fc e No} 




U { aibk + bktti + akbkak ■ ■ ■ a;_i, kak + akk + bkakbk ■ . . | } . 
is a Grobner basis of ilK{slt) ■ 

Note that this conjecture has a very simple proof module Conjecture [T] 
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